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ABSTRACT: In this paper we have introduced a new class of closed set in simple extended topological space called
- generalized b* closed set (briefly ngb*-closed set) and some of its characteristics are investigated. Further we have
intended to study of its applications.
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| . INTRODUCTION

Levine [18] and Andrijevic [1] introduced the concept of generalized open sets and b-open sets respectively in
topological spaces. The class of b-open sets is contained in the class of semi pre-open sets and contains the class of
semi-open and the class of pre-open sets. Since then several researches have proposed various notions of generalized
closed sets as generalized semi-closed, generalized pre-closed and generalized semi pre-open sets respectively in [20,
3, 31]. In 1968 Zaitsev [33] defined n-closed sets. Later Dontchev and Noiri [7] introduced the notion of g -closed
sets. Park [26] defined ngp-closed sets. Then Aslim, Caksu and Noiri [4] studied the notion of mgs-closed sets. The
idea of mgb-closed sets were introduced by D.Sreeja and S.Janaki [30]. Later the properties and characteristics of ngb-
closed sets were introduced by Sinem Caglar and Gulhan Ashim [29]. In 1963, Levine [17] introduced the concept of

simple extension of a topology t by a non open set B as t*(B)={Ou(0’n B) / 0,0’€ t ,B¥ 1 }.Eventually F. Nirmala

and |.Arockiarani[22] proposed the idea of b open sets in simple extended topology and extended it to ideal topology
in simple extension as well.

The aim of this paper is to coin a new type of b closed set in the light of simple extension topology and investigate its
properties. In section 3 we study the basic properties of ngh*-closed sets and introduce idea of mgb*-T1. space and its
properties are discussed. Finally in section 4, ngb*-open sets is defined and its properties are putforth.

In this paper, (X, t°) (or simply X ) represent a non-empty extended topological space on which no separation axioms

are assumed, unless and otherwise mentioned. Let A be a subset of a space X. Then the closure of A is assumed in the
extended topology and the interior of A is taken in general topology are denoted by cl* (A) and int (A) respectively.

I1. PRELIMINARIES

Definition 2.1:

A subset A of a topological space X is called a:
(a) o -open set [23] if ACint (cl (int (A)))
(b) semi-open set [17] if A Ccl (int(A))

(c) pre-open set [21] if A Cint(cl (A))

(d) semi-pre open set [1] if ACcl (int (cl (A)))
(e) regular —open [32] if A=int (cl (A))
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(f) b—open [2] or y—open [9] if ACint (cl (A)) Ucl (int (A))

Definition 2. 2:
A subset A of a space (X, 1) is called 7 open [33] if A is a finite union of regular open sets.

Definition 2.3:

A subset A of a topological space X is called:

(@) g - closed [18] if cl (A) C U whenever A CU and U is open in X

(b) gp - closed [20] if pcl (A) C U whenever A C U and U is open in X

(c) gs - closed [3] if scl (A) C U whenever A C U and U is open in X

(d) gb - closed [14] if bcl (A) C U whenever A C U and U is open in X

(e) mg - closed [7] if cl (A) CU whenever A CUand Uisz - openin X

(f) mgp - closed [26] if pcl (A) C U whenever A C U and U is « - open in X
(g) ngs- closed [4] if scl (A) C U whenever A CUand Uisz - open in X
(h) nga-closed [15] if a cl(A) C U whenever ACU and U is & -open in X
(i) mgsp-closed [28] if spcl (A) CU whenever ACU and U is w-open in X
(j) mgb - closed [30] if bcl (A) C U whenever A CU and U is w - open in X

Definition 2.4:

A subset A of a topological space X is said to be a:
(a) pre*-open set [22] if A Cint(cl” (A))

(b) semi*-open set [22]  if A Ccl” (int(A))

(c) a” -open set [22] if ACint (cI” (int (A)))

(d) semi-pre* open set [22]if AC cl” (int (cI” (A)))
(e) b - open [22] if A Cint (cl* (A)) Ucl* (int (A))
(f) Q — set [19] if int (cI(A)) = cl(int (A)).

Definition 2.5:

A topological space X is said to
(@) extremely disconnected [6] if the closure of every open subset of X is open in X.
(b) hyper connected [5] if the closure of every open subset is X.
(c) mgb - T2 space [18] if every ngb - closed set is b - closed.

111, tgb + - CLOSED SETS
Definition 3. 1:
(a) A subset A of a topological space X is said to be regular — open in simple extension topology
if A=int (cl" (A)).
(b)A subset A of a space (X, T°) is called n* open if A is a finite union of regular” open sets in simple extension
topology.
The intersection of all b*- closed sets containing A is said to be b* - closure of A and is denoted by b*cl(A) .
Lemma 3.2:
Let A be a subset of a space X. Then
(a) b'cl (A) =s"cl (A) N p*cl (A)=A U ((int(cl*A)) N cl* (int(A))),
(b) b¥int (A) =sint (A) U p’int (A) =A N (int (cI” (A)) Ucl” (int (A))).

Definition 3.3:

A subset A of a topological space X is called:

(@) g* - closed if cI* (A) C U whenever A CU and U is open in X
(b) gp* - closed if p*cl (A) C U whenever A C U and U is open in X
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(c) gs* - closed if s"cl (A) C U whenever A CU and U is open in X

(d) gb*- closed if b*cl (A) € U whenever A CU and U is open in X

(e) mg" - closed if cI* (A) C U whenever A CUand U isz" - open in X

() mgp” - closed if p*cl (A) € U whenever A CU and U is " - open in X

(g) mgs'- closed if s"cl (A) € U whenever A CUand Uisx" - open in X

(h) nga’-closed if a* cl(A) C U whenever ACU and Uis ™ -open in X

(i) mgsp*-closed if sp*cl (A) CU whenever ACU and U is &* -open in X.

The family of all mgb” - closed (resp. b* - closed) sets in a topological space (X, T*) is denoted by tGB* C(X)
(resp. B'C(X)).

Definition 3.4:
A subset A of (X, ") is called ngb’- closed if b*cl (A) C U whenever A CUand Uis " - open in (X, T°).
Theorem 3.5:
Every closed set is mgb’ - closed
Proof:
Let A be any closed set in X such that A CU, where U is nt+ open. We know that b'cl (A) Ccl(A) and
since A is closed b* cI(A) Ccl(A)=A.ie. b'cl(A) CAand A CU, where U is n" open .Therefore b*
cl(A) C U. Hence A is ngb’ - closed set in X.
Theorem 3.6:
a. Everyg'-closed is mgb"- closed
b. Every o' -closed set is mgb" - closed
c. Every pre’ - closed set is mgb" - closed
d. Every gh'-closed set is mgb"- closed
e. Every n' -closed set is mgb’-closed.
f. Every ng" - closed set is mgb"-closed.
g. Every mgp" -closed set is mgb’ - closed
h. Every mga’ - closed setis mgb”- closed .
i. Every mgs’ - closed set is mgb” - closed.
j.  Every mgb® - closed set is mgsp® - closed.
Proof:

Obvious, follows from the definition .

Converses of the above need not be true as seen in the following example.

Example 3.7:

Consider X={a,b,c}, T ={@,{b},X }. Let B ={c} then t+ ={ @,{b},{c}.{b.c}.X }. Let A={b}.Then A is ngb" -closed
but not closed, g* -closed, a -closed, gb*-closed, mg* -closed, nga” -closed, pre* -closed, mgp* -closed.
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Remark 3.8:

1. mgb" -closed set 6. ga” -closed set 11. pre* -closed set 16. ng" -closed set
2. closed set 7.semi” closed set 12. gp " -closed set 17. nga’ -closed set
3.g" -closed set 8. sp” -closed set 13. gsp” -closed set 18. ngp” -closed set
4. o -closed set 9. sg" -closed set 14. b" -closed set 19. ngsp"’ -closed set
5. a" g -closed set 10. gs* -closed 15. gb" -closed set

Theorem 3.9:

If A is =" -open and ngb’ - closed, then A is b* -closed.

Proof:

Let A is " -open and ngb” -closed. Let ACA where A is " -open. Since A is ngb” - closed, b* cl (A) C A.
Then A = b*cl (A).Hence A is b -closed.

Theorem 3.10:

For a subset A of X, the following statements are equivalent:

(1) Ais " - open and ngb" - closed.

(2) A is regular+ open.

Proof:

(1) =(2) Let Abe an- open and ngb” - closed subset of X. Then b*cl (A) C A and so int (cI” (A)) C A holds. Since
A is open then A is pre* -open and thus A Cint (cI* (A)).Therefore, we have int (cI” (A)) =A, which shows that A is
regular® open.

(2) = (1) Since every regular® open set is ©* - open then b* cl(A)=A and b* cl(A) C A. Hence A is ngb” - closed.

Definition 3.11:
A subset A of a topological space X is said to be Q" - set if int (cI* (A)) = cl” (int (A)).
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Theorem 3.12:

For a subset A of X, the following statements are equivalent:

(1) Ais n" - clopen,

(2)Aisn’ - open, Q" - set and ngb" - closed.

Proof:

(1) = (2) Let Abe an” - clopen subset of X. Then A is ©° - closed and =" - open. Thus A is closed and open.
Therefore, Ais Q" - set. Since every n* - closed is ngb” - closed then A is ngb’ - closed.

(2) = (1) By Theorem 3.10, A is regular® open. Since A is Q" - set, A = int (cI (A)) = cl” (int(A)). Therefore, A is
regular+ closed. Then A is " - closed. Hence A is " - clopen.

Theorem 3.13:

Let A be ngb” -closed in(X, t°).Then b* ¢l (A)-A does not contain any non empty n* closed set.

Proof:

Let F be a non empty n* -closed set such that FC b* ¢l (A)-A. Since A is ngb” -closed, =~ AC X-F where X-F is open
implies b cl (A) C X-F. Hence FC X-b* ¢l (A). Now, FC b* cl (A) N(X-b* cl (A)) implies F= @ which is a
contradiction. Therefore b* cl (A) does not contain any non empty " - closed set.

Corollary 3.14:

Let A be ngb” -closed in (X, t*).Then A is b* -closed if b cl(A)-Aisn* closed.
Proof:

Obvious.

Theorem 3.15:
If A is mgb* -closed set and B is any set such that AC BChb'cl (A), then B is ngb*-closed set.

Proof:
Let B CU and U be n*-open. Given A CB. Then A CU. Since A is ngb’- closed, AC U implies b*cl (A) C U. By
assumption it follows that b* cl (B) Cb* ¢l (A) C U. Hence B is a ngb*-closed set.

Remark 3.16:
Finite union of ngb’-closed sets need not be ngb*-closed.

Example 3.17:
Consider X= {a, b, ¢}, T = {@,{a, b}, X}. Let B ={c} then " ={ @,{c}.{a,b},. X } Let A = {a}, B = {b}.Here A and B
are mgb'- closed but A U B = {a,b} is not ngb’-closed.

Remark 3.18:

Finite intersection of ngb" -closed sets need not be mgb*- closed.

Example 3.19:

Consider X = {a, b, ¢}, 1= {@, {b}, {b,c}, X}. Let B={c} thent" ={ @,{b},{c}.{b,c}, X} Let A={ab}, B

= {b,c}.Here A and B are ngb*-closed but A N B = {b} is not ngb’-closed.

Proposition 3.20:
Let A be a subset of a topological space X. If A is semi*-open then p*cl (A) = cl* (A).

A topological space X is said to be extremely disconnected in t" if the closure in the extended topology of every open
subset of X is open in X.

Theorem 3.21:
A space X is extremely disconnected in t* if and only if every ngb’ - closed subset of X is mgp” - closed.

Copyright to IJIRSET DOI:10.15680/1JIRSET.2016.0505263 8672



7,
@
ISSN(Online) : 2319-8753

[JIRSET ISSN (Print) : 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)

Vol. 5, Issue 5, May 2016

Proof:

Suppose that X is extremely disconnected. Let A be ngb” - closed and let U be a n* open set containing A. Then b*cl
(A) = A Ufint (cI" (A) N ¢l (int(A))] CU, i.e. [int(cl” (A)) N cl” (int(A))] € U. Since int(cl” (A)) is closed, we have
ol (int(A)) C el [int(cl” (A) N int(A)] < [el* (int(cl+(A)) N ol (int(A))] < U.

It follows that p"cl(A) = A Ucl” (int(A)) C U. Hence A is ngp” - closed.

To prove the converse, let every ngb” - closed subset of X be ngp” - closed. Let A be a regular” open subset of X.
Then b¥cl (A) = A U[int (cI” (A)) N cl® (int (A))] = A U[A N cl* (int (A))] CA. Then Ais ngb’- closed and so A is
ngp’ - closed. Since every regular® open is semi*-open set and by Proposition 3.20, we have cI* (A) = p*cl (A). Hence
cl* (A) CA. Therefore, A is closed. This shows that X is extremely disconnected.

A topological space X is said to be hyper connected in " if the closure in the extended topology of every open subset
is X.

Theorem 3.22:

Let X be a hyper connected space. Then every ngb’ - closed subset of X is mgs*- closed.

Proof:

Assume that X is hyper connected. Let A be ngb” - closed and let U be a n* - open set containing A. Then b'cl (A) =
A UTint (cI” (A)) N cl” (int (A))] = A Uint (cI” (A)) =s’cl (A). Since bcl (A) = s’cl (A), we have s’cl (A) CU.
Hence, A is ngs'- closed.

Definition 3.23:

A topological space X is said to be mgb* -T2 space if every mgb” - closed set is b* - closed.

Theorem 3.24:

For a space X, the following statements are equivalent:

(1) X is ngb™- Tie,

(2) For every subset A of X, A is ngb*-open if and only if A is b*-open.

Proof:

(1) =(2) Let the space X be mgb’- Ti2 and let A be a tgb*-open subset of X. Then X\ A is ngb’-closed and so X \ A
is b*-closed. Hence A is b*-open.

Conversely, let A be a b*-open subset of X. Thus X \ A is b*-closed. Since every b*-closed set is mgb*-closed then X \
A is mgb*-closed. Therefore, A is mgb*-open.

(2) =(1) Let A be a ngb™-open subset of X. Then X \ A is ngb*-open. By the hypothesis X \ A is b*-open. Thus A is
b*-closed. Since every ngb'-closed set is b*-closed, thus X is ngb*- T1. .

IV. agh’- OPEN SETS
Definition 4.1:
A set A C X is called ngb’-open if and only if its complement is ngb*- closed.

Remark 4.2:
b*cl (X-A) = X-b*int (A)

Theorem 4.3:
If A C X isngb -open iff F Cb'int(A ) whenever F is n'-closed and F CA.

Theorem 4.4:
If b*int (A) CB C Aand A is ngb'-open then B is mgb*-open.

Remark 4.5:
For any A C X, b'int (b*cl(A)-A)=2 .
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Theorem 4.6:
If A C X is ngb'- closed, then b*cl(A)-A is ngb’- open.

Theorem 4.7:

() B'O (1) C€aGB'0O (1)

(ii) A space (X, 1) is ngb” -Ty, iff B'O(t" ) =nGB*O (7).

Proof:

(i) Let A be b*-open, then X-A is b*-closed so X-A is ngb'-closed. Thus A is mgb*-open. Hence B*O (t*) € nGB*O(t")
(ii) Necessity:

Let (X, 1) be ngb’- Tv2 space. Let A€ GB*O(t *).Then X-A is ngb’- closed. By hypothesis, X-A is b*-closed thus

A €B'0 (t). Thus tGB*O (%) = B'O (1%).

Sufficiency:
Let B'O (t") = = GB'O(1"). Let A be ngb'-closed. Then X-A is ngb*- open.
X-A € 1 GB*O(1"). X-A € B'O (1").Hence A is b*-closed. This implies (X, t°) is ngb*- Tw2 space.

V. CONCLUSION

In this paper we have introduced new closed sets in simple extension topology through which its
corresponding open sets is defined .As an application of these sets we have introduced new types of spaces which
would open new areas of further study.
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